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1 Introduction

The Hirschman-Herfindahl Index (HHI) is a formula for analysing
market concentration. This paper borrows from network theory and
proposes a model demonstrating that by using the HHI as a bench-
mark, implementing barriers to entry in growing markets with non-
linear distribution of said growth can be preferable to complete free-
dom of entry. The advantage of using the HHI over measures such
as the concentration ratio is that it gives greater weight to larger
firms. It is often used as a proxy measure of competition; however,
it fails to take barriers to entry into account, an important consider-
ation for any comprehensive evaluation of competitive market forces
within an industry. This paper explores a further problem of simple
HHI analysis. It examines a market that displays continuous growth
and preferential attachment, demonstrating that such a market will
display significant ‘monopolistic pull’, dependent upon: the initial
market shares, the level of growth of the market and the weight of
the attachment. These findings are particularly relevant for policy
in the case of an industry confronted by liberalisation from previ-
ous monopolisation. Other influential factors discussed include the
number of ‘footloose’ customers and the total number of firms. Inter-
estingly, the results of the model suggest that too many small firms
competing in an industry in which one firm has a large share of the
market, may well result in a monopoly outcome.

2 The HHI

The HHI is a standard measure of market concentration, formally
used by the EU Commission, the US Department of Justice’s An-
titrust Division and the Irish Competition Authority, among others.

1



The HHI of an industry is the sum of the squares of its market shares.
Formally where there are n firms competing in the industry and xi

is the (percentage) market share of firm i:

HHI =
n∑

i=1

x2
i

This returns a value of 0 < HHI ≤ 10000, where perfect competition
is represented by a level close to zero1 while 10000 implies total
perfect monopoly.

It is important to note that the HHI is a measure of market
concentration in an industry and is thus indicative of firms’ ability
to raise price above their competitive level. The HHI itself does
not explicitly consider the observed prices pertaining in the market.
An assumption is required that increased market power will lead to
detrimental impacts on consumer welfare. This is common practice;
the Irish Competition Authority’s official guidelines on mergers state
that firms are ‘assumed to pursue maximum profits’ (Competition
Authority 2002: 5). The assumption that undesirable price increases
are ex ante more likely in markets with higher HHIs is retained for
this paper.

3 Network Thory and Dynamics

Network theory primarily concerns itself with the study of graphs
which contain points (or nodes) and lines (or edges) connecting the
nodes. The number of edges emerging from a particular node rep-
resents that node’s degree of connectivity. For decades, sociolo-
gists have used these graphs to illustrate social concepts such as
cliques. More recently, physicists and mathematicians have devel-
oped network theory for more inferential use and to study networks
as stochastic objects with probability densities. Furthermore the
recent past has seen developments in dynamic network theory–the
study of networks which develop over time–and it is the concept of
dynamic networks which will be utilised in this paper and perhaps
which contains the greatest potential for future use within economics.

Network theory is less obscure than the reader may first think.
Much of the general population are familiar with the ’six-degrees
of separation’ concept; the hypothesis that that each person can
be connected by at most six intermediate acquaintances (or nodes).
Although this concept is not strictly true, it provides a useful insight

1As at least one firm has a market share > 0, the HHI is strictly positive.
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into the ‘small world phenomenon’.2 The network of the world-wide
web has been the source of much research. The network of the world-
wide web has been the source of much research. Albert et al. (1999)
found that two randomly chosen web pages, out of a possible 800
million, were just nineteen ‘clicks’ away from each other on average.

Network theory has many real-world applications. Preventing
the spread of HIV/AIDS can be classed as a problem that requires
sufferers to pass the infection onto less than one person on average;
that the average infected node creates less than one edge to an un-
infected node. Google’s system of listing search results, PageRank,
is a network-based algorithm whereby pages are ranked in accor-
dance with how many other sites link to them, those links in turn
weighted toward sites that are highly linked themselves. The com-
bination of social networking websites’ friend-lists and profile views
provide invaluable data previously unobtainable regarding the level
and distribution of the connectivity of social networks.

The internet has also spawned research into clustering or ‘prefer-
ential attachment’. Websites become popular based largely on how
many sites link to them, and being popular in turn encourages more
links. Over time this preferential attachment clusters people to a
small number of very popular sites. A similar effect has also been
observed in academic citations (Price, 1976). Barabasái and Albert
(1999) show that continuously growing networks displaying preferen-
tial attachment produce scale-free networks that are dominated by
few nodes of very high relative degree. If we consider a market as
a network where consumers are connected via purchases (edges) to
firms (nodes), the Barabasái and Albert result can become extremely
important. The next section models a market in such a way.

4 The Model

Begin with a vector Rn
t = (r1t , ..., r

n
t ) of the revenues of firms 1

through to n at time t. By defining total market revenue:

−
Rt ≡

n∑
j=1

rj
t (1)

2Research from the University of Virginia has shown that assuming an edge is
created whenever two actors appear in the same production; the average number
of actors (nodes) between Kevin Bacon and 250,000 other actors studied was just
2.96. See http://oracleofbacon.org/. for details
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we can create a vector Xn
t = (x1

t , ..., x
n
t ) of market shares by dividing

each firm’s revenue by total market revenue:

xi
t =

ri
t
−
Rt

(2)

We now allow for constant in market revenue at rate γ. The crux of

the model is that this growth in revenue γ
−
Rt is distributed dispropor-

tionately: that there exists a preferential attachment of it to larger
firms. This is not incompatible with standard economic analysis: the
HHI itself applies exponential additional importance to higher mar-
ket shares. The nonlinear distribution is at a weight w.3 Specifically:

ri
t = ri

t−1 +
(xi

t−1)w∑n
j=1(xj

t−1)w
γ

−
Rt−1 (3)

xi
t =

ri
t−1

−
Rt

+
(xi

t−1)w∑n
j=1(xj

t−1)w
γ

−
Rt−1

−
Rt

(4)

But ri
t−1 = xi

t−1

−
Rt−1 (5)

and

−
Rt−1

−
Rt

=
1

1 + γ
(6)

⇒ xi
t = xi

t−1

1
1 + γ

+
(xi

t−1)w∑n
j=1(xj

t−1)w

γ

1 + γ
(7)

Defining χi
t ≡

(xi
t−1)w∑n

j=1(xj
t−1)w

(8)

⇒ xi
t =

1
1 + γ

[xi
t−1 + γχi

t] (9)

Firm i’s market share depends positively on the exogenous growth
rate of revenue γ; last period’s market share, and the impact of
preferential attachment. Crucially, the impact of preferential attach-
ment depends not just on a firm’s market share but also their market
share relative to the market share of other firms in the industry. To

3w could take several forms. For our model w should be considered a scalar
whose magnitude is ¿1 and that w is constant for all firms at all time periods.
The condition that w > 1 is necessary for the clustering effect of this model to
occur. As w represents the rate at which new revenue tends to larger firms, an
extension of this essay could be to include firm i’s price as a determinant of wi.
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investigate if an equilibrium exists, we set:

4xi
t = 0 (10)

4xi
t =

γ

1 + γ
[χi

t−1 − xi
t−1] (11)

= 0⇔ χi
t−1 = xi

t−1 (12)

⇔
(xi

t−1)w∑n
j=1(xj

t−1)w
= xi

t−1 (13)

⇔ (xi
t−1)w = x1

t−1

n∑
j=1

(xj
t−1)w (14)

⇔ (xi
t−1)w−1 =

n∑
j=1

(xj
t−1)w (15)

⇔ xt−1 = ej (16)

(xt−1)T = [1 0 0 ... 0] (17)

Steady-state is observed when one firm has total market share, i.e.
when complete monopoly is observed. The practical implications of
this result will be discussed in the policy considerations section.

5 Numerical Example

To provide a more illustrative example, allow γ = 0.2, w = 2 and
the (Rn

t )T = [60 10 10 10 10]. In this case, the market shares evolve
over time such that:

Market Shares
Time Firm 1 Firm 2 Firm 3 Firm 4 Firm 5 HHI

1 0.6 0.1 0.1 0.1 0.1 4000
2 0.65 0.0875 0.0875 0.0875 0.0875 4351
3 0.697 0.0757 0.0757 0.0757 0.0757 5088
4 0.74 0.0649 0.0649 0.0649 0.0649 5648
5 0.7783 0.0554 0.0554 0.0554 0.0554 6181
10 0.9055 0.0236 0.0236 0.0236 0.0236 8222
15 0.9613 0.0097 0.0097 0.0097 0.0097 9244
20 0.9843 0.0039 0.0039 0.0039 0.0039 9689

This simple numerical simulation provides a striking example of the
monopolistic pull the model presents. Revenue growth of 20% is not
extraordinary and the preferential attachment of w = 2 is substan-
tially lower than power laws observed in some real-world scenarios.
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Nonetheless after 5 periods of this model’s evolution, the dominant
player’s market share increased from 60% to 77.83% and the HHI
increased by 54.5%. By the tenth period, the dominant player’s
market share exceeded 90% and the HHI had more than doubled to
over 8000.

6 Policy Considerations

The model demonstrates that if a market displays continuous growth
and preferential attachment–a well-documented occurance–it will also
display significant “monopolistic pull” dependent upon the initial
market shares, the level of growth of the market and the weight
of the attachment. This is particularly relevant for industries that
face liberalisation from previous monopolisation. It is regularly ob-
served that previous monopolists maintain dominant market shares:
ComReg (2007: 12) report that nine years after telecommunications
deregulation, eircom’s market share was still 69%.

The initial market share of the dominant firm and consequently
the number of firms a market can bear in this context is ultimately
related to the “footloose” fraction of consumers ρF who are inclined
to move from the dominant firm.4 By definition, new entrants must
compete for these customers among themselves and so average mar-
ket share falls as the number of firms increase. As already noted,
this increases the effect of preferential attachment in our model.

Specifically, regulators wishing to avoid clustering must choose n
firms in the market such that:

ρF

n
= 1− ρF (18)

n

ρF
=

1
1− ρF

(19)

n =
ρF

1− ρF
(20)

n > 0, so no desirable free market solution exists if ρF < 0.5.
Values of ρF observed in real life suggest that n should rarely exceed
10. In this model, n > 10 would portray an example the oft-cited
“race to the bottom” effect.

4Editor’s note: The ‘footloose’ fraction of customers may well be dependent
upon the level of ‘switching costs’, which can ‘lock’ customers into a particular
firm or product. This concept is explored in the next essay on predatory pricing.
Interestingly, these costs can be of a psychological nature.
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Under the preferential attachment distribution of new revenue,
ultimately the largest firm will conquer the market. In this regard,
the model is intended to be illustrative rather than precise. The lower
the dominant firm’s initial market share, the weaker the monopolistic
pull. Furthermore, the longer it takes to conquer a market, the longer
rival firms have to respond and the longer competition authorities
have have to attempt to rectify undesirable outcomes. Thus the inital
liberalistion of and specifically the number of firms allowed to enter
the market can be vital to the market outcome and these outcomes
may not be consistent with those predicted by Contestable Market
Theory, among others. The model points to the use of alternative
post-liberalisation policies such attempting to lower w or increasing
ρF .

7 Conclusion

This essay sought to integrate the findings of the field of scale-free
networks into the context of economic regulation. The model pre-
sented showed that a growing market with preferential attachment
displays significant monopolistic pull. The results and conclusions
deriving from the model conflict somewhat with those of contestable
market theory, or, at least, question the use of simplistic static HHI
analysis for market liberalisation policies. It is interesting to consider
how future advances in the study of networks may provide insights
into and help shape regulatory policy in the future. It is hoped this
essay will encourage some future application of network theory into
economics.
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